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1. INTRODUCTION 
Let G be a finite group and p a prime, and suppose that x E Irr(G) lies 
in a p-block of defect zero. Suppose g E G and that IZ(C,(g))l is divisible 
by p. (Note that this condition automatically holds if g is p-singular, but 
that it can also hold for p-regular elements.) M. Brout has asked whether 
these conditions force x(g) = 0. 
In this generality, the answer to BrouC’s question is “no.” According to 
the Atlas Cl]. the McLaughlin simple group G = M’L provides counter- 
examples both for p = 2 and p = 3. For p = 2, take XE Irr(G) with 
x( 1) = 896, so that x has 2-defect zero, and take g E G of order 15 with 
IC,(g)l = 30. Clearly then, 2 I IZ(C,(g))l and yet x(g) = 2 #O. For p = 3, 
the counterexample is obtained with K( 1) = 5103 and o(g) = 10, with 
JC,(g)( = 30. Here, x(g) = 3 # 0. (Interestingly, C,(g) is the same sub- 
group of order 30 for both examples.) 
For solvable groups, BrouC’s question has an affirmative answer, and in 
fact, more is true. 
THEOREM A. Let G be solvable and suppose x E Ii-r(G) lies in a p-block 
with defect group D. Suppose g E G and write Q = O,(C,(g)). Then x(g) = 0 
unless Q is G-conjugate to a subgroup of D. 
Note that this result has content even when g is p-singular, and that it 
generalizes (for solvable groups) the well-known fact that x(g) = 0 if the 
p-part of g is not conjugate to an element of D. 
If g is a q-element, where q #p is prime, then Thompson’s famous P x Q 
lemma (see 5.3.4 of [S]) is easily seen to be relevant to the proof of 
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Theorem A. In order to obtain the result for arbitrary g, we will need the 
following generalization of Thompson’s lemma. 
THEOREM B. Let XQ be a group acting on a solvable group N, where the 
subgroups X and Q centralize each other. Suppose that X is nilpotent, that 
(INI, IQ!)= 1, and that 
Then 
C,(x) E C,(Q). 
CN Ql G CN X X . . . . Xl, 
where the number of occurrences of X on the right is arbitrary. 
Notice that if both X and N are p-groups, then we can take 
CN, X -K . . . . X] = 1. Thus Q acts trivially on N in this case, and this is 
exactly Thompson’s P x Q lemma with X in the role of P. 
Actually, in our proof of Theorem A, we will need only the case of 
Theorem B where X is cyclic. It does not seem, however, that adding a 
cyclicity assumption for X would make the result any easier to prove. 
It has been this author’s contention that modular representation theory 
has little to contribute (except for motivation) to an understanding of 
solvable groups. For such groups, the modular theory appears to be largely 
subsumed within ordinary character theory. It is in this spirit that we have 
extracted the essence of our proof of Theorem A into the following result, 
which mentions neither blocks nor modular representations. Theorem A 
follows easily from this. 
THEOREM C. Let x E Irr( G) and suppose x(x) # 0 for some element x E G. 
Fix a set R of primes and let Q=OJCo(x)). Then x= nG for some 
q E Irr(H), for some subgroup HE G, with (x) Q c H. Also, n(x) # 0 and in 
addition, the restriction nN is homogeneous for every solvable rc’-group 
NaH. 
As another application of Theorem C, we obtain the following. 
THEOREM D. Let Q act on N, where (1 Ql, I NI ) = 1 and N is solvable, and 
suppose x E N satisfies C,(x) s C,(Q). Then every 0~ Irr(N) which is not 
Q-invariant, vanishes at x. 
The author has been unable to decide whether or not Theorem D would 
remain true if the solvability assumption were dropped. 
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2. THE GENERALIZED P xQ LEMMA 
For convenience, we label the following situation as Hypothesis (*): XQ 
is a group acting on a solvable group N, where X is nilpotent and X and 
Q centralize each other; also C,,,(X)EC,(Q) and (/Ql, INI)= 1. 
Theorem B asserts that in situation (*), we have 
CN Ql E CN -K X . . . . J-1, 
where we can put as many X’s as we like on the right. 
Proof of Theorem B. We work by induction on JNl. Assume first that 
[N, Q] c N. Since [N, Q] admits the action of XQ, Hypothesis (*) is 
satisfied with [N, Q] in place of N. The inductive hypothesis then yields 
CN, Q, Ql E CN Q, X K . . . . Xl. 
Since [N, Q] cN and [N, Q, Q] = [N, Q] because INI and IQ1 are 
coprime, the result follows in this case. We may therefore assume that 
[N, Q] = N and so we must prove (and it suffices to prove) that 
[N, X] = N. 
Assuming that N> 1, we have C,(Q) < N and thus C,(X) < N by (*). It 
follows that [N, X] > 1. Of course, [N, X] 4 N and [N, X] admits the 
action of XQ. 
Suppose now that there exists an XQ-invariant subgroup La N such 
that 1 < L c [N, X]. Then XQ acts on m= N/L, and we claim that this 
action satisfies (*). We need only check that C,(X) c C,(Q), and so we 
write D= C,(X) with U 2 L, and we show that [U, Q] E L. This will 
prove that Q acts trivially on D, as required. 
Now [U, X] E L < [N, X] and so U < N. Since U admits XQ, the induc- 
tive hypothesis gives [U, Q] E [U, X] E L, as claimed. 
We now know that the action of XQ on m satisfies (*) and since L > 1, 
the inductive hypothesis yields [iV, Q] c [iV, X]. Since [N, Q] = N, we 
have CR, Q] = m and hence [fl, X] = iV and [N, X] L = N. It follows in 
this case that [N, X] = N, as desired. We may assume, therefore, that L 
does not exist, and hence [N, X] is a minimal normal subgroup of NXQ. 
Since N is solvable, we conclude that [N, X] is an abelian p-group for 
some prime p, and we let X, E SylJX) and set C = C tN, X,(XP) > 1. This 
gives [X,, C, N] = 1. Also [N, X,, C] = 1 since [N, X,] and C are sub- 
groups of the abelian group [N, X]. It follows by the three-subgroups 
lemma that [C, N, X,] = 1 and hence [C, N] c C&Y,). Since CG 
[N, X] 4 N, we also have [C, N] c [N, X] and thus [C, N] c 
C,, X,(XP) = C. It follows that C Q N. 
Since X,, 4 XQ, we see that C admits XQ and hence Ca NXQ. 
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However, 1 < C E [N, X], and this yields C = [N, X] by the minimality of 
[N, X]. It follows that X, centralizes [N, X]. 
Now let q #p and take X, E Syl,(X). Since X fixes each coset of [N, X] 
in N and each such coset has p-power cardinality, it follows that X, fixes 
an element in each coset. Writing B= C,(X,), therefore, we have 
[N,X] B=N. 
Since X, -=I XQ, we see that B admits XQ and (*) is satisfied. If B < N, 
the inductive hypothesis gives [B, Q] s [B, X] E [N, X] and it follows 
that [N, Q] G [N, X], contrary to assumption. Therefore, B = N and so X, 
acts trivially on N for all q #p. 
Since X, centralizes [IN, X], we deduce that [N, X] sC,(X)&C,(Q) 
and we have [N, X, Q] = 1. Also, [X, Q] = 1 and so [X, Q, N] = 1 and the 
three-subgroups lemma yields [Q, N, X] = 1. Since [N, Q] = N, this gives 
[N, X] = 1, a contradiction. 1 
3. SOME CHARACTER THEORY 
We begin with a fairly well-known result. 
(3.1) LEMMA. Let N (I G with G/N abelian, and suppose A acts on G 
and stabilizes N and that ([AI, IG/NI)= 1. Let ~11rr(G) and fl~Irr(N) be 
A-invariant. Then 
(a) ~1, and p” have A-invariant irreducible constituents. 
(b) rf A acts trivially on G/N, then all irreducible constituents of aN 
and fl” are A-invariant. 
(c) rfCo,,(A) = 1, then aN and /I” have unique A-invariant irreducible 
constituents. 
Proof We consider restriction first. The group G/N acts transitively on 
the set of irreducible constituents of aN. Since A acts on this set and A acts 
on G/N, we can apply Glauberman’s lemma (13.8 and 13.9 of [3]). We 
conclude that a,,, has some A-invariant irreducible constituents, and these 
are transitively permuted by C,,,(A). Statements (b) and (c) for restric- 
tions now follow. 
To investigate PC, we let A be the group of linear characters of G/N. If 
x is any irreducible constituent of /I’, then so is XL for 1 E A. Also, we have 
and hence ,4 acts transitively on the set of irreducible constituents of PG. 
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We can again apply Glauberman’s lemma to get an A-invariant irreducible 
constituent of /?“. If A acts trivially on G/N, then A acts trivially on /1 and 
(b) follows. 
To prove (c), it suffices to observe that if CGIN(A) = 1, then C,(A) = 1. 
This follows since if 1 E n is A-invariant, then [G, A] E ker(l). By Fitting’s 
lemma, however, G/N= [G/N, A] if C,,V(A)= 1. It follows that 
N[G,A]=Gand so l=lG. 1 
In our next result, we obtain a character theoretic consequence of 
Hypothesis (*) of the previous section. 
(3.2) PROPOSITION. Assume (*) and let 8 E Irr( N) be X-invariant. If 19~ 
is homogeneous for every characteristic subgroup M of N, then 8 is 
Q-invariant. 
Proof: Working by induction on (N], we may assume that N> 1. Let 
M be maximal among proper characteristic subgroups of N and let cp be 
the unique irreducible constituent of BM. Then rp is X-invariant and so by 
the inductive hypothesis applied to M, it is Q-invariant also. 
Since N is solvable, we see that N/M is an abelian p-group for some 
prime p, and we write X= XP x X,., where Xp~ SyI,(X). Let U/M= 
C,,(X,.) and note that C&X,.) = 1 because (IN/VI, IX,, ( ) = 1. Since 0 
is X,.-invariant, it follows by 3.1(c) that there is a unique X,.-invariant 
irreducible constituent y of 13”. 
Since U/L is a p-group, we have [(U/L), XP, X,, . . . . X,] = 1 if we take a 
sufficiently long commutator. As XP, acts trivially on U/L, we conclude 
that [(U/L), X, X, . . . . X] = 1 and so [U, X, X, . . . . X] E L. Application of 
Theorem B to CT now gives [U, Q] c L and so Q acts trivially on U/L. 
Since cp is Q-invariant and y is an irreducible constituent of (p”, Lemma 
3.1(b) implies that y is Q-invariant. By 3.1(c), we see that 8 is the unique 
X,.-invariant irreducible character of N lying over y. Since Q centralizes X,. 
and Q stabilizes y, this uniqueness implies that Q stabilizes 8. 1 
4. THE MAIN RESULTS 
We are now ready to prove Theorems C, A, and D. 
Proof of Theorem C. We work by induction on ICI. We may assume 
that there exists a solvable a’-group N 4 G such that x,,, is not 
homogeneous; otherwise, we could take H = G and q = x and there would 
be nothing to prove. Choose N minimal with this property and let 0 be an 
irreducible constituent of xN. 
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Let T = IJo), the inertia group, and let $ E Irr( T 1 0) with $” = x. Since 
0 #x(x) = tic(x), it follows that there is some G-conjugate y of x with y E T 
and $(v) # 0. We can thus replace 8 by a conjugate (and correspondingly 
replace T and $) and assume that x E T and $(x) # 0. 
Now write X= (x) and note that X is certainly nilpotent and X and Q 
centralize each other. Also, XQ acts on N and (IQl, INI) = 1. Furthermore, 
since Q Q C,(X), we have [Q, C,(x)] G Q n N= 1 and so C,(X) c C,(Q), 
and condition (*) of Section 2 is satisfied. 
Now x E T and so 8 is X-invariant. Also, if M is a proper characteristic 
subgroup of N, then Md G and xw is homogeneous by the choice of N. 
It follows that e,,, is homogeneous and we are exactly in the situation of 
Proposition 3.2 and we conclude that 8 is Q-invariant. We thus have Q E T. 
Now Q E O,(C,(x)) and $ EIrr(T) with +(x) #O. Since T-c G, the 
inductive hypothesis yields HL T with (x) Q s H, and a character 
r] E Irr(H) such that q(x) # 0, qT= $, and the restriction of q to every 
solvable normal n’-subgroup of H is homogeneous. Then qG = x and the 
result follows. \ 
Proof of Theorem A. If x(x) #O, apply Theorem C and write x =qG 
where rl E Irr(H) and such that Q c H and the restriction of q to OJ H) 
is homogeneous. It follows by a result of Fong (which is implicit in 
Lemma 1A of [2]) that q lies in a p-block b of maxima1 defect in H and 
hence Q is contained in a defect group for this block. Since qG = x, we see 
by 9.4(c) of [4] that bG is defined and is the block containing x. By 15.43 
of [3], a defect group for b is contained in one for bG, and the result 
fo11ows. 1 
Proof of Theorem D. We wish to apply Theorem C to the semi-direct 
product G = NQ. Let rc = n(Q) and note that since x E C,(x) c C,(Q), we 
have C,(x) = Q x C,,,(x) and so Q = O,(C,(x)). 
Let 0 E Irr(N) with e(x) # 0. Our task is to show that 8 is Q-invariant. 
Choose XE Irr(G I 0) and note that since x is centralized by Q, all of the 
G-conjugates of 0 have equal values at x. It follows that x(x) = 
w/w) mzo. 
By Theorem C, we can write x = qG, where rl eIrr(H) and (x) Q c H 
and the restriction of 1 to every solvable n’-subgroup Ma H is 
homogeneous. 
Now NH = G and we write M = N n H, so that q,,., = et for some integer 
e and character 5 E Irr(M). Since IG : H( = IN : Ml is a RI-number and 
qG = x, we can compute n-parts of character degrees to obtain 
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Also, 
is a multiple of e. Finally, if t is the number of distinct G-conjugates of 0, 
we have 
x(l)=th 01 &I) 
and hence te divides x(1). Since t is a n-number and x(l), =e, this gives 
t = 1, as required. 1 
5. FURTHER REMARKS 
There are several questions suggested by Theorem D which the author 
has not succeeded in resolving. Perhaps most obvious among these is 
whether or not the result would remain valid if we dropped the require- 
ment that N is solvable. If, for example, N is the simple group Sz(8), we 
can take IQ1 = 3, acting nontrivially. Then [C,(Q)1 = 20 and if we take 
XEC~(Q) of order 5, then C,(x) = (x) SC,,,(Q). In this case, it turns out 
that the conclusion of Theorem D holds. 
It appears to be very rare that simple groups N admit coprime actions 
for which there exist elements satisfying the centralizer containment 
hypothesis of Theorem D. This gives hope that a proof of the nonsolvable 
version of the theorem might be found using the simple group classification. 
Another approach to Theorem D is suggested by the standard character 
correspondence 1~ x* from the set Ii-r&N) of Q-invariant irreducible 
characters of N onto Irr(C), where C= C,,,(Q). Suppose we could prove 
that Ix(x)J 2 Ix*(x)1 whenever x E Irr,(N) and x E C satisfies C,V(x) s C. 
This would yield 
Icdx)i = iwx)i = C IX*~I% C k-P+ 1 iwi2 = IC,(X)I, 
x x e 
where 1 runs over Irr,(N) and 8 runs over noninvariant irreducible charac- 
ters. Equality would then force e(x) = 0 for all 0, proving the theorem. This 
would also yield as a lagniappe, the conclusion that Ix(x)1 = Ix*(x)1 for 
x E Irre( N). 
It is not true in general, for all XE C, that Ix(x)1 2 1x*(x)1. (It is even 
possible to find examples where x(x) =0 and x*(x) #O.) Nevertheless, it 
may be true that Ix(x)1 = Ix*(x)1 if C,(x) E C. In fact, in every example the 
author has checked, more is true and x(x) = f x*(x) for all x E Irro(N) and 
all x E N with C,(x) s C. 
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